FILTERS — Transfer Functions/Bode Plots

O Frequency domain Analysis
A Transfer Functions

J Bode Plot Generation
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FILTERS - Transfer Functions/Bode Plots

A transfer function is defined as the ratio of the frequency domain output
voltage to the frequency domain input voltage (i.e. Gain) with all initial

conditions equal to zero. Transfer functions are defined only for linear
systems.

Transfer functions can usually be expressed as the ratio of two polynomials
in the complex variable, s (1.e. S= jo)

A transfer function can be factored into the following form.

Vi (w)

| G(w) Vo (W) H (s) :Vo ~ K(s+2z)(s+2,)...(s+z,)

V,  (s+p)(S+p,) . (5+P,)

» The roots of the numerator polynomial are called zeros

» The roots of the denominator polynomial are called poles
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FILTERS — Transfer Functions/Bode Plots

fo: 6 Frequency (Hz)

Given the transfer function. Plot the poles and zeros in

the s-plane. Imaginary
1(e)- (+OE+14) | @=0
s(s+4)(s+10 >
S-plane ( X ) real
| jo axis w=0
S - plane

These zeroes and poles are real

X Y

N
W 77X —>
8

-4 0 G axis

fa)
\¥)
-14 -10

Thus, they get plotted on the real axis
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FILTERS — Transfer Functions/Bode Plots

7
tr

fo 6 Frequency (Hz)

Quadratic Equation

Imaginary
ar>+br+c=0 ;] @#0
—b++/b? —4ac >
rn,r = 2a - 12 real
Discriminant w=0
1.b%2—-4ac>0
. 2. b?-4ac=0
Roots of ar* + br+ ¢ =0
3.b%?2-4ac<0
1. 1. 1y real and distinet 1. s2+55+6=(s+2)(s+3)
2.n=n=r | 2. (5+2)°=(s+2)(s+2)
3. 1. i complex: @ =18 3. s244=(s+2j)s—2])
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FILTERS - Transfer Functions/Bode Plots

Given the transfer function. Plot the poles and zeros in

fo: 6 Frequency (Hz)

S-plane

the s-plane. Imaginary
T =0
(s+8)(s+14)
H(s)= 2 .
s(s°+4)
L real
Jo axis w=0
X o S - plane
origin
-14 -8 0 O axis
X -2
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FILTERS — Transfer Functions/Bode Plots

L1 BEYCY

VTV VT }
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FILTERS - Transfer Functions/Bode Plots

Impedance circuit diagram

s X, 1F — JX;
JoL =sL —ja)lc=slC
Z, Z,
Z g R
! , Z.=2,+Z,+72Z, Z,
. 1
L (w)=R+ JoL+——
r (@) J TC
let i Z (s)—R+sL+i
el Jw=S T sC
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FILTERS - Transfer Functions/Bode Plots

JoL =sL —jwlc=st
ZZ ZB
VI
Zl
G:VO(S): Zl
V,(s) Z,+7Z,+7Z,
H(s)=VO(S)= R .
Vi (s) R+sL+—

sC
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FILTERS - Transfer Functions/Bode Plots

R R SRC
)= 1 ~ sRC+s’LC+1 SRC+s2LC +1
R+sL+—
sC sC
s R
H (s) = SRC B L
e[ Riszy b 4R 1
L LC L LC
Quality factor ﬂ
12X, X, el R a, o,
“=R TR TR L Q, | S5
Resonant frequency H(Jjw) = - 2
e 1 e s?+2s+@°
0 2 ﬂ\/E LC ° Enzo Paterno Qo 9




FILTERS - Transfer Functions/Bode Plots

R
"L
H)=——F "1
S+ —S+——
L LC
L=100mH,C=10mF, R=11 Q
110s 110s
H(s)=— =
s +110s+1000 (s+10)(s+100)
H (s) = 110s _ 0.11s

1000 1+i 1+i 1+i 1+i
10 100 10 100

Enzo Paterno 10



“(~y | FILTERS — Transfer Functions/Bode Plots
n _f.- \'\_‘
U ‘:_:;_\“a=T;_,;‘ —

~ | Pzapplet Run: L=100mH,C=10mF R=11Q e
http://home.del.polimi.it/quariso/pzapplet/index.html

10
P 7 appl et Add Pole Add Zero Delete Pole/Zero
(MIT)
H (S) . OllS 0 il " Drag Pole/Zero Reset
S S Feros: (0.0)
1+ — || 1+— Poles: (-0.9)(-9.8)
-10 1| IC
10 100 @de P'°t/D Nichols Plot | Nyquist Plot | Step Response | About This Applet
Magnitude vs Frequency
Normalize
0
S S
1 + — 1 + — .20
1 10
110 1 10
Frequency (rad/s)
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FILTERS — Transfer Functions/Bode Plots

Amplitude (dB)

Matlab Run: L=100mH,C=10mF, R=11Q i

Ende Diagrarm

=> dn=[1 110 1000];
iy =» n=[0 110 0] ;
ﬁ »>>» g=tf(n,dn)
= .
Transfer function:
110 =
s~2 + 110 3 + 1000
i
E- >> bode (g)
% >> grid on

Frequency (radis=c]

Enzo Paterno 12

right 1984 - 2008, The MathiWors Inc.
See wwws.mathworks. comip atents

Protected by U.S. pat
@\ The MathWorks



1.0

FILTERS - Transfer Functions/Bode Plots

0.50

il

1.0Hz
o U(RS:2)

1.4

3.0Hz

164z 30Kz 1064z 3004z 1. 8kHz 3. 8kHz 18KHz 38KHz 106Kz

Frequency
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Amplitude (dB)

‘(). | FILTERS - Transfer Functions/Bode Plots

|| Circuit Maker Run: L =100 mH,C=10mF,R=11Q

1.000 V
0900V

0800V / \
0700V \
0600V \

0.500 v N

ooy \_\

0300 V \

>
=
LI
L~

/

/

/

0.200 v T

—-—-—"--—-._________
L ——— |
0.100 v
0.000V B | | | | | | | | 1 | 1 1 | | | | 1 1 | | | | 1 1 | | | | 1 1 | | | | |
0.000 Hz 10.00 Hz 20.00 Hz 30.00 Hz 40.00 Hz 50.00 Hz 60.00 Hz 70.00 Hz 80.00 Hz 90.00 Hz 100.0 Hz 110.0 Hz

Measurement Cursors

1 c1.2 X: 110.00  ¥: 157.50m
2 cl2 X: 110.00  ¥: 157.50m
Minimum 1.2 Min: 157.50m
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Amplitude (dB)

FILTERS

f, fo 6 Frequency (Hz)

Ideal Filters
+ Vo (i +
_ Jo) _
'i__,.- [ f = —ﬂ‘ﬂf S :
1 U®@) H{jw) v, (o) Vo U®)
. & |HI:] mjl 4 |H{J{ﬂ} . .
Low Pass Filter N A High Pass Filter
—Pass —we— Stop — SIDPE 5
0 . 0 .
(g ® iy ®
Band Pass Filter 4 [H{®)| « [H(o)| Stop Band Filter
A A
+ Stop Pass s« Stop e Pass —sle— StOp —wfe—Pass
0 N 0 "
L “H ® g oy 0
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FILTERS

Non ldeal Filters

Low Pass Filter

Amplitude (dB)

N — T
S’[:::pl—l:nanclfE {G J:“ Stop-band
Pass-band

AV, _
Stop Band Filter

¥

. 0
{:] : = 4 w
Pass-band ~* Stop-band /
& F:g . .
High Pass Filter i
I."' I.I:l'ﬂ}i
max
0.707F,
0.707V, o
_ | - 0
{] ! - Sl . g
Stop-band Je Pass-band /
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FILTERS - Transfer Functions/Bode Plots

1ZReaI
BANDPASS /\ _E H(s) =
2
S
0z
2
X1 @,
LOWPASS V\ H (s) =
2 @y 2
v |/ s24 P sy oy
Q,
22Real
SZ
HIGHPASS H (s) =
a)o 2
+-°S+ @,
Q,

mZZComplex

BAND sy S+ o,

REJECT &) =—, )
) S”+ —>S+w,
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Amplitude (dB)

‘() | FILTERS — Transfer Functions/Bode Plots

v 5':‘-\“.{1:1[!'
] a)o A
BANDPASS H (S) _ 0
2 2
S” + QO S+ @,
MIT m 0
POlezerO Applet Add Pole Add Zero Delete Pole/Zero
H,
10 © o Drag Pole/Zero Reset
H,
Zeros: (-1.0)
Poles: (-6.3+4.0])
-0 4| [»

fﬂoue Plot | Nichols Plot | Nyquist Plot | Step Response | About This Applet

Magnitude vs Frequency

Mag (dB) .40

-20

110 1 10

Frequency (rad/s)
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Amplitude (dB)

(=} | FILTERS - Transfer Functions/Bode Plots

£ f
\\\\\\\\\\\\\\\ fy fo 6 Frequency (Hz)

N He-—2
LOWPASS \K_/ g2 +%S+a)02

o

MIT

PoleZero Applet ™
Add Pole Add Zero Delete Pole/Zero
*
10 10 Drag Pole/Zero Reset

bt
Zeros:
FPoles: (-41+x47]))

10 4] [»

| Bode Plot | Wichols Plot | Nyquist Plot | Step Response | About This Applet
Magnitude vs Frequency

Mag (dB) .40

-80

M0 1 10

Frequency (radis)
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Amplitude (dB)

‘() | FILTERS — Transfer Functions/Bode Plots

v \"*-\a =Tr
2
HIGHPASS H (s) = >
2
S°+ 2 s+,
(0]
MIT o
PO|eZeI“O Applet Add Pole Add Zero Delete Pole/Zero
>
10 5 T " Drag PolelZero Reset

Feros: (00)(00)

Poles: (-2.3+2.5])

-0 1| | »
l/Eode Plot | Michols Plot | Nyquist Plot | Step Response | About This Applet

Magnitude vs Frequency

Mag (dB) |.a0

-20

M0 1 10

Frequency (rad/s)
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\\\\\\\\\\\\\\\

BAND
REJECT

MIT
PoleZero Applet

FILTERS — Transfer Functions/Bode Plots

Amplitude (dB)

Enzo Paterno

fy fo 6 Frequency (Hz)
m ’+w°
H(s) = -
2+ 054+
(0}
0]
10
[
Add Pole Add Zero Delete Pole/Zero
i
10 1 Drag Pole/Zero Reset
x
Zeros: (0.1x£8.0])
o Poles: (-4.1+47])
-0 1] [»
[ Bode Plat | Nichols Plot | Nyquist Plot |  Step Response | About This Applet
Magnitude vs Frequency

Mag (dB) |.ap

-20
1410 1 10
Frequency (rad/s)



BODE PLOT - LOGARITHMS

7
tr

_ y :1OX & X= IoglO y Such that: ].l:lgm 1 :~ D

Graph paper is available in the semilog and log-log varieties. 1IZIEI|:| 10 =1

The spacing of the log scale is determined by taking the common log 1DE 100 = 2
of the number. The scaling starts with 1, since log 1 = 0. =10

The distance between 1 and 2 is determined by l 1000 = 3
log 2 = 0.3010, (30% of the full distance of a log interval). 0219 -
) Log interval ‘
1
: Linear scale
.r IIIIIIIIIPLIIIIIIIII_'- 1 L & - s o 10
2 2 2 !
1 5 S 18% T 12%  10%] 8% 7% |
log g 2 = 0.3010 = T70% = 95%
= 30% = 78% | = 90%
: ’ = 85%

log;p 4 = 0.6021 = 60%

Log scale
Enzo Paterno 22
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i+ 2dnt e el

| FILTERS

Amplitude (dB)

f, fo 6 Frequency (Hz)

Enzo Paterno

ﬁ —
v a=Tlr
Frequency log scale
—4d 4 d ;
< > d
e N N | |
1 23 5 g10 20305080100 1kHz N 8y 5 10kHz 5 5 N100kHz 8 & N
i R e e o2 8 e Te e e
L I BT i > D
T T = e
R TLY R |

1 MHz f {lng scale)
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Semilog Graph

1000 10000 100000
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FILTERS

y=10" < x=log,, Yy

Properties of logarithms
log,,1=0
log,, ab=1log,,a+log,, b

d
log, B =log,,a—log,, b

log,,a" =n log,, a
1 _
log, B =log,, b ' = —log,, b
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() | DECIBELS

““““““““““ Power Gain:
Two levels of power can be compared using a unit of measure called the bel:

Py P 2
—> Network ——> B =log,, =) (bels)

1

A decibel is defined as:

P V
dB =10log,, FZ = 20log,, V—2 (decibel - dB)

1 1

A decibel referenced to 1 mW is given as:

dB,, =10 Iogloi

1mw 600Q2
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FILTERS - Transfer Functions/Bode Plots

Given a transfer function we can generate a BODE plot.

A Bode plot is a graph of the transfer function H(jw) versus frequency, w,
plotted with a log-frequency axis, to show the system’s frequency response.

Ags | et \\" |
-l \\ -
N Wi
Hs= K2 R T AR B
S (S _I_ p) Frequency - Hx w
k(jo+72) kz[“JTwJ K(“JTCOJ
H(jw)= =

L o
=

Az =20log|K|+201log

(1+ JTQJ‘ - 20 Iog\ ja)\ —201log
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FILTERS - Transfer Functions/Bode Plots

Effect of constant terms:

Constant terms such as K contribute a straight horizontal line of magnitude

20 log,4(K). .
(14 @
 ®le)(1+12)

H(jw)= .
1+—

20Iog10\K\ ( D j

e

01 B 70 00 o
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FILTERS - Transfer Functions/Bode Plots

7
tr

Effect of a ZERO at the origin:

A zero at the origin occurs when jw multiplies the numerator. Each
occurrence of this causes a positively sloped line passing through w =1

with a rise of 20 db over a decade continuously.
‘a Z

20l0g,,| jo| > 0dB@ =1 H(jw)= :
=)

20log,,| jw| — 20dB @ w =10 D

20 db

0db

10 100 o
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FILTERS - Transfer Functions/Bode Plots

Effect of a POLE at the origin:

A pole at the origin occurs when jw multiplies the denominator. Each
occurrence of this causes a negatively sloped line passing through w =1
with a drop of 20 db over a decade continuously.

—20log,,| jo| > 0dB@ w =1 jo
: K [1+—j
—20|0g10‘ja)‘—>—20d8@a):10 H (jw) z

0db 100

—20db
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FILTERS - Transfer Functions/Bode Plots

Effect of ZEROS not at the origin:

Zeros not at the origin are indicated by (1+] w/z) terms. z in each of the
terms is called the break frequency or the critical frequency. Below the
break frequency they do not contribute to the log magnitude (0 db) and
above the break frequency, they represent a ramp function of 20 db per

decade with a positive slope continuously.
<D
20log,,1+ Jw; w<7—0db H(jw)= _
Z
. (ja))(1+ Jj
200091+ 12} >z 20l0g,,[ 12 ‘ 20l0g,, 2 P
Z Z Z
A .
dec 20log,,[1+ j?‘
20 db >
0db . |2010g,, \/[(1)2 +(9j ]
0.1 1 Z 10 100 0 Z
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FILTERS - Transfer Functions/Bode Plots

Effect of POLES not at the origin:

Poles not at the origin are indicated by (1+] w/p) terms. p in each of the
terms is called the break frequency or the critical frequency. Below the
break frequency they do not contribute to the log magnitude (0 db) and
above the break frequency, they represent a ramp function of 20 db per

decade with a negative slope continuously. i
. K (1+ J—j
—20Iog101+%0; o< p—0db H(jw)= Z
—20Iog101+%0; > p—>—20|ogmj—a)‘:—20Iogm%
1 2010g,,[1+ | 9‘

v

0.1 1
Odb

) 2010g,, \/[(1)%[‘;)2]

32




FILTERS - Transfer Functions/Bode Plots

7
tr

BODE Plot of a transfer function

To complete the log magnitude vs. frequency plot of a Bode diagram, we
superposition all the lines of the different terms on the same plot.

Example: ‘H (S)‘ = > —IiLlOO
oo
1 100 K K =0.01
H (s)| = = = SH{ e
1001+ > | 1+— 1+ P=
5 50 0
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FILTERS - Transfer Functions/Bode Plots

BODE Plot of a transfer function

K K =0.01
HE) = SH{ =50
1 1+ — P =
i :
201og 100
1+ >
50
L A ) e M S .2 o
-40 db e
50 300500 @
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1

H(s)| =

2s +100

FILTERS - Transfer Functions/Bode Plots

BODE Plot of a transfer function

H(s)| =

a+bs
g +hs

a=1,b=0,g=100,h=2

A B C D E F G H J K L i 0
: BODE PLOT GENERATOR
2
3 [F(s)= {atbs)e ™ /{g+hs)
4
5
b |a 1
7 b 0 """--...\
8 |g 100 N
9 h 2
10 |t 0 \
11 \
12 |Range
13 |Min freg 0.1 rad/time \\
14 Max freq 300 raditime \\
15
16 \
1T |http/fwww engineers-excel.com
18 N
19
20
21 ¥
27 01 1 10 100 1000
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‘(). | FILTERS - Transfer Functions/Bode Plots

| Let:L=100mH,C=10mF,R=11Q '
570
s R H(s)=— 2
H (s)| = - = —— g e
2,R., 1 s°+110s+1000 —
L LC
\H (s)\ B 110s B 110s
(s+10)(s+100) 10(“ s j 100(“ 'S
10
Ollja) Series RLC o

H(s) =

100)
10mF ?
11
R5
36
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FILTERS - Transfer Functions/Bode Plots

: 0.11jw
H(jo)= —A%—
(501,
10 100

Ay =2010g,5|H (jo)

Ass = 20l0g,,(0.11)+20l0g,,| je| — 2010g,,

.
1+ JE|—20Iog10

14 ,—ﬁ|
100
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-10
-20
-30
-40
-50

-60 4

‘() | FILTERS - Transfer Functions/Bode Plots
ra:ﬂr—

20log,,(0.11)=-19dB
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-30
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FILTERS - Transfer Functions/Bode Plots

”
#

20log,,| jew| — 20dbslope, 0dB@ w =1

7
7
7
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FILTERS - Transfer Functions/Bode Plots

» <10 — 0db, » >10 — -20log,,

§

’

|

t
. 8
| VA
J\

—
o
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FILTERS - Transfer Functions/Bode Plots

requpncy (Hz)

-60+—mFm———- — ——— —_— ]
100 10! 102 103 104 10° 106
w(rad/s)
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-10
-20
-30
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-50
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FILTERS - Transfer Functions/Bode Plots

((((((((((((((

- 'Q‘_mmgm

j
10

104

w(rad/s)
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FILTERS - Transfer Functions/Bode Plots

Ags 40
30 11i0s
20 H(S)_,.Z 11N+ 1000
O T 11LYo T 1LUUU
10

10

20 = \\

0 N~
40 A

50 \

60 4+—— + \

43



FILTERS - Transfer Functions/Bode Plots

110s

H(s)| =

s +110s +1000
H(s) = (a0+alst+a2s2+a3s3+ads4+a5s5 ) / ( b0 + bls+b2s2+b3s3+b4s4+b5s5 )

Amplitude (d

O 110 O 1000 110 1 0 0 0
A B C D H | J M M 9]
: BODE PLOT GENERATOR
2 -
3 F(s)= (a.;.+a-s+a;sz+3353+a4s4+a555};‘{bg+bLs+b252+b353+b454+b555} Amplitude
4 12
5
6 ag 0]bg 1000
7 a 110 by 110
8 dz 0 b;_ 1 / \
9 di ] bg, 0 08 N
10 a4 0|by 0 /r
11 |a 0]bs 0
12 85
13 Range:
14 Min freg 0.1 radftime
15 |Max freq 1000 raditime 0-4
16
17 | Note: \

18 | This tool reguires the Analysis ToolPack add-in.

19
20  http:/fwww.engineers-excel.com
21
22

0.1

Enzo Paterno
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‘(x| BODE PLOT - Example
ra:nr—

\/ ‘G(S) ‘ _ 100(1+ S /10) f fo 1, Frequency ()

~__+{2010g100 s(1+5/100)°

-20db/dec

20 \_

;

10 T7=2010g5s \\
0 20log(1+s/10) \ 40 db/dec
-10
-20 —

-30

lpgl+-s- \
-40 \
50

o o= N e

1009 101 102 103 104 10° 106
Enzo Paterno 0, (rad /S) 45
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LPF FREQUENCY RESPONSE

R
I \/ _ VIN (_jXC)
T R-JIXc
;i Vour .
C ‘H(ja))‘:VOUT _ XC
. l V||\| \/R2 + X 2C
Low Pass Filter - 1 1
g — H(jo) e ——— = 2
o oR0
— ‘. Cut-off _|_—2
frequency X C
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FILTERS — ROLL OFF

Higg ¢ LPF

| Let AH=H,-H,
|AH|4z = 20 log, 4 |AH|

Hy 777 A i
sl O\ 1AH]gs = 20 10y [Hy| - 20 logyg [H|
~F -|aH[_ = 20l0g,, 12
£, f, dB 10 ‘Hl‘
For a LPF, |[AH| s becomes: 1
1 RC)
AH| _ =20log,, # with g = \/ +(a)12 ) We simplify B:
— J1+(@RCY
L= assume wRC >>>>1 .
\/1_|_ (a)ch)Z ‘AH ‘ =20 IOglo

OO S>>S>>S —— a,
RC

Qw, =20, ‘AH‘dB =—-6dB, @ w, =10w, — ‘AH‘dB =—-20dB
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